Abstract. Invariance entropy for the action of topological semigroups acting on metric spaces is introduced. It is shown that invariance entropy is invariant under conjugations and a lower bound and upper bounds of invariance entropy are obtained. The special case of control systems is discussed.
Introduction
Our aim is to introduce and to study a certain invariant for the action of topological semigroups on metric spaces. This is motivated by recent work on invariance entropy for control systems. The original idea to use concepts close to topological entropy for control systems is due to Nair, Evans, Mareels and Moran [15] , who studied feedback entropy in an engineering context. A related notion, called invariance entropy, has been considered by Colonius and Kawan in [6] . It has proved to be a fruitful approach for the study of control systems; cf. Kawan [11] [12] [13] . On the other hand, Hoffmann and Stojanov in [8] introduced a notion of topological entropy for semigroup actions. Although topological entropy is rather different from invariance entropy, we show in the present note that one can combine some of their concepts, in particular, regular systems with the constructions of invariance entropy. This results in a notion of (topological) invariance entropy for semigroup actions.
The content of this note is the following. Section 1 introduces weakly almost invariant sets for topological semigroup actions on metric spaces and defines a corresponding invariance entropy. It is shown that this number is an invariant under appropriately defined topological conjugacies. Section 2 gives upper bounds and a lower bound for invariance entropy. Section 3 shows that for control systems, the notion considered here is equivalent to the invariance entropy from [6] . Here the main work consists of showing that arbitrary admissible families can be approximated by admissible families defined via controls.
We also remark that the notion of topological entropy for maps on noncompact spaces (in particular for automorphisms of Lie groups) studied by M. Patrao [16] 
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where u is in a set U of control functions defined on [0, ∞) with values in a set U and f (x(t), u(t)) is a vector in the tangent space T x(t) M of M at x(t) (see Agrachev and Sachkov [2] ). We assume that U is shift invariant; i.e., the classical shift function Θ : R + × U → U, (t, u) → u(t + ·) is well defined. For a fixed u ∈ U, we denote the solution of (1.2) with initial condition x(0) = x 0 by ϕ(t, x 0 , u), t ≥ 0. We suppose that unique global solutions exist for all controls u ∈ U. Define the semigroup (1.3) S := {(t, ϕ(t, ·, u)), t ∈ [0, ∞) and u ∈ U} with the semigroup operation given by
where
Here we also assume that all these concatenations again are in U. The action is defined by (x, (t,
A regular system is given by
and it is straightforward to see that for a fixed u ∈ U, the function defined by
is an admissible family. Note that not every admissible family is of this form, since it may not correspond to a single control.
Remark 1.6. Often one associates a semigroup to a control system by considering the diffeomorphisms associated to piecewise constant controls (cf. Jurdjevic [9] or Agrachev and Sachkov [2] ). We use the alternative construction above, since we do not want to restrict our attention to these special controls (locally integrable controls are a more natural choice). Furthermore, the time t is added in the semigroup (1.3) in order to guarantee that we obtain admissible families. Now we can introduce our notion of invariance. Definition 1.7. Consider a semigroup action (1.1) endowed with a regular system (A τ ) τ ≥0 . A subset Q ⊂ M is called weakly almost invariant if for every x ∈ Q, ε > 0 and τ > 0, there is an admissible family γ :
Next we define invariance entropy in the following steps. 
There are always finite (τ, ε, K, Q)-spanning sets. This lemma justifies the following definition, which is the central notion of the present note. Definition 1.10. Consider the semigroup action S on M of the form (1.1) endowed with a regular system (A τ ) τ ∈[0,∞) . Let K be a compact subset of a weakly almost invariant set Q ⊂ M . We denote the minimal cardinality of a (τ, ε, K, Q)-spanning set by r
Note that the limit for ε → 0 exists, since for 
However, in general, we cannot guarantee that r S inv (τ, K, Q) is finite (but see Theorem 2.3, and also Kawan [12] for results on strict invariance entropy in the controltheoretic context).
In Section 3 we will show that for control systems of the form (1.3) the notion of invariance entropy for semigroup actions coincides with the one considered in Colonius and Kawan [6] .
Next we introduce a notion of topological conjugation and study the behavior of invariance entropy under these conjugations. A homomorphism π S : S 1 → S 2 of semigroups maps the neutral element e 1 ∈ S 1 to the neutral element e 2 ∈ S 2 and
τ . In this situation we say that the semigroup action ϕ 1 is semiconjugate to ϕ 2 . If π M is a homeomorphism and π S is bijective, we say that these semigroup actions are conjugate.
Next we show that conjugation preserves the invariance entropy. 
In particular, if the semigroup actions are conjugate, the invariance entropy is preserved. 
Proof. It is clear that
, where N ε (Q) denotes the set of points with distance less than ε to Q.
and weak almost invariance of π M (Q) follows. Now let τ, ε > 0. As above, there
Furthermore, all maps π S •γ ∈ π S (R) satisfy the conditions on admissible families in Definition 1.2. This is clear for (i), and using (1.7) one finds for σ,
By the first condition in (1.
σ . This shows property (ii). It follows that π S (R) is an admissible family for ϕ 2 . Consequently the minimal cardinality of a (τ, ε, π M (K), π M (Q))-spanning set is not greater than the cardinality of R, and hence
For ε → 0, the assertion follows. Remark 1.14. It is not difficult to see that the invariance entropy is not an invariant under the more general topological conjugacies considered in Ayala et al. [3] and Baratchart et al. [4] . These conjugacies, which are defined for skew product flows resulting from control systems, would, in our framework, allow that the homeomorphism π M may also depend on the semigroup elements.
Upper and lower bounds for invariance entropy
In this section we will prove upper bounds and a lower bound for invariance entropy.
The concatenation is associative, but it does not necessarily give an admissible family. In Theorem 2.3 we suppose that concatenations of admissible families again form an admissible family. The following proposition shows that this is satisfied under an additional assumption for the regular system, which for instance is satisfied for control systems of the form (1.2) with regular system given by (1.4).
Proposition 2.2. Suppose that the regular family satisfies
Proof. It is clear that the continuity condition (i) in Definition 1.2 is satisfied.
Taking into account Remark 1.4 one sees that
The same remark shows the assertion for σ = t 1 .
Recall the definition of weakly invariant sets and of strict invariance entropy in Remark 1.11. 
We conclude that [6] . In our context, we have to sharpen our assumption on invariance of Q by considering Lipschitz continuous admissible families defined as follows:
For constants L, c > 0 the set Γ(L, c) consists of all admissible families γ such that for all x, y ∈ Q,
We say that a set Q is weakly invariant with admissible families in Γ(L, c) if for every x ∈ Q and τ > 0 there is γ ∈ Γ(L, c) with x · γ(σ) ∈ Q for σ ∈ [0, τ ], and similarly for weak almost invariance.
Recall that the upper ball dimension of
where b(δ, K) is the minimal cardinality of a cover of K by δ-balls.
Theorem 2.4. Let ϕ : M × S → M be a semigroup action with regular system
{A τ } τ ≥0 . Suppose that K ⊂ Q
is a compact subset of M and suppose that Q is weakly invariant with admissible families in Γ(L, c) for some fixed L, c > 0. Then the invariance entropy satisfies
Since Q is weakly invariant one finds for every x ∈ K an admissible family γ ∈ Γ(L, c) with x · γ(t) ∈ Q for all t ∈ [0, τ ]. Consider a set R 0 of pairs (x, γ) of points in K and admissible families γ ∈ Γ(L, c) having the property that x · γ(t) ∈ Q for all t ∈ [0, τ ] and for every y ∈ K there is (x, γ) ∈ R 0 with
Then, by compactness of K and continuity there exists such a set R 0 with finite cardinality. Choose a set R 0 with minimal cardinality r. Then one easily sees that r is greater than or equal to the minimal cardinality r
.., r, the sets
Then K is contained in
Hence x ∈ N i , and thus N i contains the ball B(x i ; e −Lτ ε/c).
Next we claim that r ≤ b(e −Lτ ε/c, K).
Assume to the contrary that there exists a cover C of K consisting of e −Lτ ε/c-balls such that n := #C < r. Let these balls be centered at pointsx 1 , ...,x n ∈ Q. By weak invariance of Q we can assign tox j an admissible familyγ j withx j ·γ j (t) ∈ Q for all t ≥ 0. Then the ball B(x j ; e −Lτ ε/c) is contained in the set
Thus the set {(x 1 ,γ 1 ) , ..., (x n ,γ n )} also has the property that for every x ∈ K there is (x j ,γ j ) with
This contradicts the minimality of r. It follows that
Observe that
We find, with δ : 
Then it follows that lim sup
and hence h
Controlled invariance and invariance entropy for control systems
This section shows that the invariance entropy introduced above coincides with the invariance entropy for controlled almost invariant sets considered in the context of control systems. The difficulty lies in the fact that the definitions of weak almost invariance and of invariance entropy given in Definitions 1.7 and 1.10, respectively, consider arbitrary admissible families, not just admissible families generated by control functions.
For simplicity, we consider controls given by
with a subset U ⊂ R m . Let M be a Riemannian manifold. Controlled almost invariance of control systems is defined as follows. Invariance entropy in this context is defined as follows (cf. Colonius and Kawan [6] ). Definition 3.2. Let K be a compact subset of a controlled almost invariant set
The invariance entropy is defined by
Note that here spanning sets are determined by controls, not by admissible families.
Example 3.3. Suppose that system (1.2) is control-affine; i.e., it has the forṁ We begin our analysis with the following crucial lemma relating arbitrary admissible families to trajectories corresponding to a control u. Lemma 3.4. Consider control system (1.2) with semigroup S and regular system (A τ ) τ ≥0 given by (1.3) and (1.4) , respectively. Let τ, C > 0 and let N ⊂ M be an open subset such that, for every x ∈ M and u ∈ U with ϕ(t, x, u) ∈ N for all t ∈ [0, τ ], the trajectory satisfies 
⊂ N is a compact subset and we can take
. Analogously, observe that there exists a δ 1 > 0 such that
Let k ∈ N be such that τ /k ≤ min(δ 1 , η/(2C)). We will inductively construct a controlũ :
for every i = 1, . . . , k. Since γ is an admissible family, property (ii) in Definition 1.2 shows that γ(τ /k) ∈ A τ/k \ A <τ /k , and there is
Using the fact that the regular system is defined by (1.4), one finds a control u 1 ∈ U such that s 1 = (τ /k, ϕ(τ /k, ·, u 1 )) and hence
Observe that the curve ϕ(t,
, remains inside N due to (3.1), the choice of k and the range of variation of t. Proceeding inductively, let
Thus there is a control u i+1 ∈ U with s i = (τ /k, ϕ(τ /k, ·, u i+1 )) satisfying
Now define a control u ∈ U by
By construction, the corresponding trajectory
The next theorem shows that for control systems, weak almost invariance (defined via admissible families) is equivalent to controlled almost invariance. 
Then Q is weakly almost invariant iff it is controlled almost invariant.
Proof. Clearly, every controlled almost invariant set is weakly almost invariant. Conversely, suppose that Q is weakly almost invariant. Consider x ∈ Q, τ > 0 and ε ∈ (0, ε 0 ). There exists an admissible family γ such that
and Q is controlled almost invariant.
Remark 3.6. Observe that inequality (3.3) provides a very mild restriction on (1.2). For instance, if f (x, u) ≤ C for every u ∈ U and every x ∈ Q, then (3.3) is satisfied.
Next we turn to analyzing invariance entropy. The following lemma will be used to show that a (τ, ε, K, Q)-spanning set remains a (τ, ε, K, Q)-spanning set under small deformations. It is a special case of a general result about shrinking of covers; see, e.g., Engelking [7, Theorem 7.1.5] . We include the short proof for the reader's convenience. 
Then there exists
Proof. Since M is compact, it is enough to prove the lemma for a finite open cover {O i } i=1,...,k . We claim that there exists ε 1 > 0 such that The next theorem shows that for control systems, the invariance entropy for the associated semigroup action coincides with the invariance entropy for control functions given in Definition 3.2. Thus the notion of admissible families and the associated invariance entropy, which appear adequate in the context of semigroup actions, are natural generalizations from the situation of control systems. 
